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Problems of constructing an optimal controller in a stochastic linear
system for a condition of minimum least-square error, are investigated.
The constructiom of an optimal Liapunov function (1] by the method of
?l&l; parameters [2] is described. The paper continues the researches of
3,4].

1. Let the transient response of a control system be described by the
equation

F=Amz+ct (1)

Here x and ¢ are n-vectors, n(t) is a random variable, A(n) is a
matrix of the form || aijllln; the scalar §(n, 1) represents the control
action (the control).

As in [4] we describe the Markov process n(t) by means of the func-
tions g(«) and q(«, B) in the following way [5]

Pin(t+At)=a/n(t) =al =1 —q (@) At + o (A1)
Pn(t+ AtlFa, n(t-+A)<B/n(t) = ol =q(a B) At +0(AF)
where P is the conditional probability.

We shall call the control £(x, n) optimal with respect to system (1.1)
if it ensures a minimum mean value of the least-square error integral

(=]

7=M\ (D=t +8)a
[)) n
The way of constructing § is based on the Liapunov function method
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with the use of the dynamic programming method [6] for the stochastic
system (1.1). We use below the concepts and notations introduced in [4].
The Liapunov function can be chosen in the form

v(x, m) = Y bij(n) ziz;
i

the coefficients of which are obtained for n & [ql, nz] by solving a
system of quadratic integral equations. The optimal control is found
from the condition

E=— - Nem 2 (1.2)
i=j :

In general, the solution of a system of quadratic integral equations
is difficult. In this paper we study two cases where the problem can be
solved effectively by the method of small parameters. For this the func-
tions v(x, 1) and £(x, n) can be expressed as series in powers of a para-
meter u:

v(z, m, W) = D py, E(z, n, w) = ) Wi (1.3)
k=0 k=0

(where the necessity of solving the above-mentioned system of quadratic
integral equations is eliminated).

The problem is reduced to the successive computation of the coeffi-
cients v, and §, in (1.3) from linear systems. The convergence of the
series so obtained for v(x, n) and §(x, n) is proved.

Case 1.1. The probability of the tramnsition 1 = « = 1 = B is small,
1.e.
q(a) = ur (Cl), Q(a7 B) = ur (d, B) (14)
Here p is a small parameter.

Case 1.2. Equation (1.1) can be written in the form
dz/dt = Az +pR(m)z + ¢k (1.5)

Here pR(n)x is a group of terms depending on n(t), u is a small para-
meter, R(n) is a matrix of the form IlfijIII"-

2. We study Case 1.1. let p = 0. Then the function v(x, n) will be
equal to the zero coefficient v, of series (1.3). Further, by virtue of
(1.4) we have g{(a) = g(a, P) = 0, and, consequently, the problem is re-
duced to the determination of the Liapunov function v, and the optimal
control §, for every fixed value n = y for a determinate system of the
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form
dz/dt = A(x)z+ c(1) L (2.1)
where £, is the zero coefficient in series (1.3).

Such a problem is investigated in [3] where a method is indicated of
determining the coefficients b, .(?)(y) of the positive definite form

1 .
which is the Liapunov function for (2.1). For completeness we mention
here the system of equations determining b; j(“

s i ()b () éci (v) b (*ri +
2

i=1 i=1

n 0 (k
300 )+ b Waat = { O &

i=1
and, in addition

€o='—-%- éc.('r)g—i%=— Ci(’l’)[zbiso)('l’) x’]
i=1

i=1 i=1

The sufficient condition for the existence of functions v, and §, is
the linear independence of the vectors ¢, Ac, ..., A" 1c [7). Let us
assume that this condition is satisfied uniformly for n. Then v, and §,
can be determined uniquely for any n & [ql, n,].

We prove that after computing v, and §, we can successively determine
the coefficients of series (1.3) for every fixed n = y by solving a
system of linear algebraic equations.

The dynamic programming equations for the investigation of the problem
with respect to (1.3) and (1.4) for n = y, have the form [4]

(y%)mf S :—% [ 2-:3 ay; + ci&] +
i=1

i=1
Tl
+p\ @ N —v@ Narm N==Fz -8 @2
n o0 v
b=t Sa(3 e @
i=1 k=0

The meaning of the deriyative (dM{v}/dt) __ , taken with respect to
Equation (1.1), and the method of its computation, are given in [4,9].
The integral in Equation (2.2) is a Stieltjes integral.
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From (2.3) we obtain the expression for the series coefficients

1 < 9, (2, ¥
b= — 5 X aln) e (2.4)

-
-

We substitute series (1.3) into Equation (2.2) and equate the coeffi-
cients of like powers of the parameter p. As a result of the transforma-
tion, taking (2.4) into account, we have

2 k("r)[ci(r)ﬁo-}—za;,('r)x,]

=1 Jul
k—1 M
= Dbkt G5 M= (e, Dldrln b)) (25)
=1 Tz

The left-hand side of (2.5) is the derivative dv,(x, y)/dt with re-
spect to system (2.1) ‘for n = y. We designate it by (dvk/dt) . Then

dv, k-1 o
(7‘-)1:=v = 3 kbt | Beas (8 D) —2imi (@, MIdir (1, B (26)
8=1 N2
Equations (2.4) and (2.6) allow us to find the kth coefficient v, (x,n)
for every n = y if we know the k — 1 preceding coefficients. Since the
right-hand side of (2.6) is a certain quadratic form, and system (2.1)
is asymptotically stable, then by [8, p.61] there exists a unique solu-
tion of (2.6) for n = y which is the quadratic form v (x, 1):

ve (2, M) = Do () zizy 2.7)
i'i

Substituting (2.7) into (2.6) and equating the coefficients for the
product x.xl, we obtain a system of linear algebraic equations for de-
termining b,

Z bin' [au +a 2 ch’(o)] + 3 b [aim + ¢ i c,-bjﬁ’.’] =

i=1 f=1 j=1
k—1_n il

=2 3 [Seicmbi ]+ 2| bl ) — bE ()1 dar (1, 3) (2.8)
s==1 {,) s

We investigate Case 1.2. For u = 0 system (1.5) can be written in the
form

&= Azt (2.9)
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where A is a constant matrix, ¢ is a constant vector, §, is the zero
coefficient in series (1.3).

Therefore, in this case the problem reduces to the determination of
the zero coefficients of series (1.3) to obtain the Liapunov function v,
and the optimal control §, for the determinate system (2.9).

The order of computing v, and §, is indicated above (3].

Substituting (2.5) here, the computation reduces to the equation

2 83 [2 abzi + ng] S [vk (x: )") — Ux (z’ 7)] dlq (T” A') =

j=1 T
k—1 n
oy

= gl Bbrs— o=, (Z "uxj) (2.10)

i=1 j=1

The left-hand side of (2.10) is the derivative (d”{vk}/dt)n-y' taken
with respect to Equation (2.9) [4,9]:

(dM ("k}) 2 Bl — Z (2 fb-’l-‘;) Pt (2.11)

imal  jex)

Taking (2.4) into account from (2.11) we obtain a system of linear
integral equations for determining the coefficients

2 biam’ [au +ea CJI’:'SO)] + 3 b [aun + e D) c,-b,-g’.)] +
i=1 ju=1 {zm]l jmal
s
+2 S 60 () — b (M1 g (1, A) =

—1n

=2 3 Dlechinbi™™ —2 2 BV ry 4+ by pyn)] (2.12)

=) 1,5

If function g(a, P) assumes the density

p(a B) = ()9, ()

{mal

then system (2.12) will consist of equations with a degenerate kernel,
for which an effective method of solution is known {10].

3. We will prove that under the assumed conditions series (1.3) will
converge.
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(1) From the study of Case 1.1 we find an estimate for the coefficient
v, of the first series in (1.3) in terms of the estimates of the coeffi-
cients vy, ..., v, _, of the same series.

From Equations (2.4) and (2.6) it follows that the right-hand side of
(2.6) is a quadratic form

(i”_::) =éBi§k)x;x,- (3.1)
B

where the coefficients ﬁ.l(k) equal the right-hand sides of the corre-
sponding equations of system (2.8):

k—=1_n T
Bt =2 3 [Fectuea ]+ 2{ b ) — b P W1 dir (v, 1) (3.2)
=1 i, Tz
From (3.1) follows

26 (T) — 2 (0) = § ( &}*’xixj) dt

n
0o i,j

Since by hypothesis system (1.1) is asymptotically stable, then as
T - ® the form v,(T) - 0

00

v (0) = — S (i Bif;k)xixj) dt (3.3)
i,j

0

Let us denote by IlFi.(t)III" the matrix of the normal fundamental
system of solutions of the original Equation (1.1) for n = y.

We determine the solutions of the system of Equations (1.1) by the
Cauchy formula for homogeneous systems [11]:
n
zi () = D) Fij (1) zjo (3.4)
j=1
For the asymptotic stability of the system for n = y the equality [8]
| Fij(t) | < Be—ett—ta (3.5)

should be valid, in which the numbers B and a can, in general, be chosen
independently of the initial instant t; and of the fixed value of n =y.

Let us assume t, = 0.
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From (3.3) to (3.5) the inequality

n

lok(z, )| < S Z {l Bé"’ | B2e—2at é | 254 I} dt (3.6)

43 P, q
1S correct.

From the theory of quadratic forms we have

n n 2 n
Seal=(3 leml) <n 3 o (3.7
P q m=1 m=1
Therefore
n n k n
oe(e, 1) <55 B (3184°1) (3] 2w?) (3.8)
i, ] m=]
We assume that for every value s = 0, 1, ..., k — 1 the coefficients
b..%) are computed. We introduce the notation

ij
max | b | = L,, max|ec;| = N (3.9)

For the integral on the right-hand side of (3.2) we can make the esti-

mate
Ty

(1182 () = 5™ (D) | dhr (v, W) <2Laar (1)

Tie

The estimates for all the coefficients Bij(k) have the form

k—1
18| < 2Nn® 3 LLy—y + 4Liar (7) (3.10)

8=1
We choose for the form v(x, y) a number ¢ > 0 such that the inequality
max | vk (€, 1)|> cLi D) Zm® (3.11)
is satisfied. n

It is obvious that the coefficient ¢ can be chosen independently of
the number k.

Using (3.6) to (3.11), for L, we have an estimate in terms of the
known numbers L (s =0, 1, ..., k- 1)
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B "
el < m 2 LoLy—s + 4n*Lyx_yFmax ("max = max r (n)) (3.12)
8=:1

For any % and n the numbers ¢, B, «, N can, in general, be chosen in-
dependently of k and n. We write (3.12) in the form
k—1
Ly < A 2 Lol s+ ALg (3.13)
=1

lere

__ BINnS 4nrax

AzmaXAi (L==1,2), Al‘— ac >0r A2=—_0_~>0

The remainder of the proof consists of applying the method of dominat-
ing series [12]. We investigate the quadratic equation

P+ (@t wp+b=0 (3.14)
where a, b, u are certain numbers.

If the number p is sufficiently small, the roots of (3.14) can always
be written in the form of a convergent series in

pL2) — -—a—';'—p'j: l/ (a;“)’——b = 3 W, (3.15)

k=0

We will prove that for definite values of @ and b in (3.15), one of

the roots p‘!), p{?) can be represented by a series dominating series
(1.3).

We substitute (3.15) into (3.14) and equate the coefficients of uk
(k=0, 1, ...) to zero. As a result we obtain an expression for p, in
terms of p;, ..., pp_;

k—1
1
Pk ™= "Gt a ( 2 PP ‘OIE—-I) (3.16)
s=1

The value of p, is found from the equation

P’ - apy+b=0 (3.17)

From (3.16) and (3.13) it follows that the constructed convergent
series (3.15) will dominate series (1.3) if we take

1

~imra— 4

Qo = LO’
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Hence the values of the coefficients a and b in Equation (3.14) will
be

6= — i+2I*"<0 p="EAr, 50

By knowing a and b, from (3.17) we find that the dominant for (1.3) is
that root of (3.14) the value of which is determined by the zero coeffi-

cient
Po=Lo=—%'—l/ (—;')’—'b

The convergence of (1.3) is proved.
(2) Case 1.2 can be investigated in analogous order.

Equation (2.11) is written in the form

dM {v,} i
() = ;Z (3.18)

Here the coefficients of the form, ﬁ_l(k), equal the right-hand sides
of the corresponding equations of system (2.12).

We will prove [4] that the equality

M {i BifPx; | z, 7} dt (3.19)

4,7

U(x, T):—

°e/§8

follows from (3.18).

Here the symbol M{(S/x, y} is the mean value of variable S for initial
conditions x, y.

We investigate the derivative diiv,(x(t), n(t))/x,, v, t,}/dt, taken
with respect to Equation (2.9). Averaging with respect to x, n we get the
equality

dM fv, (2, n)/x, 7, ¢ {dM {v
{2k dt 0 o} =M1 df k) Zy, 7, to} 1|’I ZB,, ‘z:2; | 2oy T to}

By integration we have
T

M (o (@ (T), n(T)/ %0, 7, ti}—v (2o, 1) = | M {% B 2z | 70, Y} dt

0 iJ

Since the system is asymptotically stable, M{vk} - 0 as T -~ », which
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proves (3.19).

Dropping the transformations similar to those we had used earlier, we
write an estimate for the coefficients v, of series (1.3)

ok (@ 1) <’2%Bz(zxm2)”f{ilﬂi§°”l/n=7}

If we designate § = maxlrij(q)l for My <N <M, then, in the light of
notation (3.9), we get

k—1
by < Bz;”" S LuLis + 4n%Ly_y
8=1

The remainder of the proof repeats the reasoning set forth above.

Remark 3.1. The construction of a dominating series allows us not
only to prove the convergence of series (1.3) but also to determine the
radius of convergence in a known fashion.

We formulate the results obtained as a theorem.

Theorem 3.1. If for system (1.1) in the interval 1; <{ 7 < "z, the co-
efficients A(n) and c(n) are continuous and the following conditions are
satisfied: 1) the system of vectors c(n), A(n)c(n), ..., A""l(n)c(q) is
linearly independent, 2) either the probability of the transition n = o~
n =P is small or the right-hand side of (1.1) can be written in the
form (1.5), then, the Liapunov function v(x, n) and the optimal control
€(x, n) can be represented in the form of series (1.3). The coefficients
of these series can be found by solving linear systems of algebraic or
integral equations.
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